ABSTRACT A new approach is undertaken to solve the fully fuzzy multiobjective linear programming (FFMLP) problem. The coefficients of the objective functions, constraints, right-hand-side parameters, and variables are of the triangular fuzzy number (T r FN)s. A solution strategy, called compromise solution algorithm (CSA), is presented using a three-step procedure. First, a revised simplex method together with Gaussian elimination in the environment of the linear ranking function is used to convert the FFMLP problems partially into semi fully fuzzy multiobjective linear programming (SFFMLP) problems. Then, the obtained SFFMLP problems are gathered together as a single problem. Finally, the gathered problem is solved by one of four different methods to find a fuzzy compromise solution for the FFMLP problems. The CSA is then numerically applied to a FFMLP problem to illustrate the practicability of the proposed procedure.
I. INTRODUCTION
Zimmermann [1] first modelled fuzzy linear programming (FLP) problem and later applied it to fuzzy environment [2] , which then evolved qualitatively and continuously [3] . Maleki et al. [4] proposed a method for solving FLP problem with uncertain vagueness constraints by using linear ranking functions. Ranking fuzzy numbers and their common methods were then reviewed by Wang and Kerre [5] . Gasimov and Yenilmez [6] discussed the solution of the FLP problems via linear ranking function. Nehi et al. [7] proposed the lexicographic ranking function of the fuzzy numbers to solve FLP problems using fuzzy numbers.
Buckley and Feuring [8] as well as Maleki [9] each considered a kind of FLP problems, and separately proposed an approach to solve them. The duality of the FLP problems in the fuzziness relations was considered by Inuiguchi et al. [10] . The fuzzy primal problems for linear programming(LP) problems and its fuzzy duality were modelled by Wu [11] . Special classes of the FLP problems through fuzzy relationship and based on the duality concept were discussed by Ramik [12] .
Mahdavi-Amiri and Nasseri [13] considered the FLP problems and solved them by using a certain linear ranking function using comparison fuzzy numbers. Ganesan and Veeramani [14] considered types of LP problems and multiobjective linear programming (MLP) problems where the right hand side of the constraints and the variables are fuzzy assertions. Mahdavi-Amiri and Nasseri [15] applied a linear ranking function to order trapezoidal fuzzy numbers. They established the dual problem of the LP programming problem with trapezoidal fuzzy variables. Methods were proposed to convert the FLP problem to its corresponding deterministic LP problem, based on the attained values of fuzzy numbers [16] - [18] .
The optimality conditions for LP problems had been derived for the FLP problems by Wu [19] . Multiobjective fuzzy linear programming (MFLP) problems were then converted into vector optimization programming problems via defuzzification functions [20] . Iskander [21] utilized possibilistic programming to convert MFLP problems into their modified equivalent crisp problems.
A fully fuzzy linear programming(FFLP) with T r FNs was considered by Lotfi et al. [22] . Several researchers proposed methods to solve some types of FLP problems, through a comparison concept of fuzzy numbers via linear ranking functions [23] - [27] . Kumar et al. [28] used a ranking function to convert the FFLP problem to its corresponding crisp equivalent LP problem. A weighted maxmin method was used by Amid et al. [29] to solve MFLP problems. Gupta and Kumar [30] overcame the shortcomings for solving MFLP problems earlier proposed by Chiang [31] . Khan et al. [32] proposed a method to solve FFLP problem, while Bhardwaj and Kumar [33] refuted the claim that an FFLP can be solved without converting it into a crisp problem based on the incorrect mathematical assumptions used. Various kinds of MFLP problems had been reviewed [34] , regarding solutions to MFLP problems. An approach has been proposed by Luhandjula and Rangoaga [35] to solve MFLP problem via nearest interval approximation operator.
Ebrahimnejad et al. [36] proposed using the fuzzy number comparisons with ranking functions to convert the FLP problems into equivalent crisp LP problems. They satisfied demands at certain nodes by using available supplies at other nodes to find the minimum fuzzy cost of a commodity. Later, Ebrahimnejad and Tavana [37] proposed a new method for solving FLP problems. They converted the FLP problem into an equivalent crisp LP problem, then solved the obtained problem through the standard primal simplex method. This was followed by a duality approach for solving special kind of FLP based on ranking functions [38] . Hamadameen [39] considered the MFLP problems in which the coefficients of the objective functions are T r FNs. He utilized a linear ranking function through simplex method, and proposed a novel method to transform the MFLP problems into single FLP problem, then found a compromise solution for the original problem.
We will propose a method to solve the FFMLP problem. The proposed method converts the FFMLP problem to a SFFMLP problem, which was then solved via the revised simplex method using Gaussian eliminations through the proposed linear ranking function. The procedure is then illustrated by a numerical example.
The rest of this paper is structured as follows. Section II defines fuzzy concepts and algebra properties of T r FNs, and types of ranking functions with their strengths and weaknesses, in addition to the comparison among fuzzy numbers (FNs). Section III considers the FFMLP problem and gives the mathematical formulation. Section IV deals with partially converting the FFLP problem into its equivalent SFFLP. In addition, it offers a procedure to solve the FFMLP problems within the frame of the CSA. In Section V, the threestep procedure of the CSA is applied to a numerical example to illustrate its practicality in solving FFMLP problems. Section VI analyzes the obtained results and interpreting them logically. Section VII lists the advantages of the proposed method over current existing methods. Conclusions are discussed in Section VIII.
II. CONCEPTS OF FUZZY NUMBERS, RANKING FUNCTIONS, AND FUZZY ALGEBRA PROPERTIES
In order to set our comments orderly, we start this section with the concept of fuzzy numbers, the most commonly used types of those numbers, and the relations between them. In addition, a brief discussion is made on fuzzy algebra on fuzzy numbers.
A. DEFINITIONS OF FUZZY NUMBERS
Fuzzy numbers are a kind of numbers with a continuity of grades of membership [40] . This kind of numbers is characterized by a function which assigns to each number a grade of membership within a range in the closed unit interval [41] . In other words, the membership function of a fuzzy number is set in a universal set, specified for each element in the fuzzy set a value in the closed unit interval. There are two common kinds of fuzzy numbers, Tapezoidal Fuzzy Numbers(T p FNs), and Triangular Fuzzy Number (T r FNs) [13] - [15] . (Figure 1 ). 
2) THE TRIANGULAR FUZZY NUMBER (T r FN)
If a = a L = a U ∈ A then the T p FN is reduced to T r FN, and denoted by A = (a, α, β) ( Figure 2 ). Thus A = (a, α, β) ⊂ (a L , a U , α, β). Hence, T r FN is a special case of the general case (T p FN). Since the study is focused on the FFMLP problems with T r FNs, the next subsection lists fuzzy algebra properties specific to such FNs.
B. FUZZY ALGEBRA PROPERTIES OF T r FNs
Since we are going to formulate the FFMLP problem with T r FNs, we insert some arithmetic properties on these fuzzy numbers as follows. VOLUME 6, 2018 Let A 1 , A 2 ∈ T r FNs, such that A 1 = (a 1 , α 1 , β 1 ) and A 2 = (a 2 , α 2 , β 2 ). Based on [40] and [42] , [43] ; as well as [3] , [13] , [15] , [44] , the following rules apply. 1) Addition:
); ∀ A 1 , A 2 > 0. Note that similar formulas hold when A 1 and or A 2 are negative.
C. LINEAR RANKING FUNCTION AND ITS TYPES
One of the most convenient methods to defuzzify an FLP problem into its deterministic form and the comparison of fuzzy numbers is by using the linear ranking function [3] , [4] , [9] , [13] , [15] .
Since this study deals with the FFLP problem in the fuzziness environment through the linear ranking function, we put forward in this section a definition of a linear ranking function and its properties. We describe the related ranking functions, their strengths and weaknesses.
Linear Ranking Function: is a map which transforms each fuzzy number into its corresponding real line, where a natural order exists, mathematically, : A → R; ∀ A and R is the set of all real numbers [41] , [45] .
Furthermore, the 's fuzzy algebra rules on the fuzzy numbers are as follows, for all A 1 , A 2 , A 3 , A 4 ∈ FNs, and δ ∈ R:
Finally, we describe the concepts of ranking functions, their strengths, and weaknesses as in Table 1 . We identify that the type which is most suitable for our work is the one used by [15] .
III. PROBLEM FORMULATION
A Fully Fuzzy Multiobjective Linear Programming (FFMLP) problem can be formulated as follows:
(1)
To solve (1), we have to find a set of basic feasible solution x = { x 1 , x 2 , . . . , x n+m } of fuzzy variables which satisfies the set of all constraints, non-negative restrictions and optimizes (maximizes or minimizes) the objective functions in (1) . Finding the optimal solution to the FFLP problem in (1) without converting it into its equivalent deterministic is still an open research problem as emphasized by some researchers [33] . Thus, it can be said that we cannot solve FFMLP problem in (1) without converting it into its equivalent deterministic problem.
In what follows we shall consider the FFMLP problem in (1), and try to find a compromise solution for it within a range of the proposed research methodologies.
IV. PARTIALLY CONVERTING THE FFLP PROBLEM INTO ITS EQUIVALENT SFFLP AND SOLUTION ALGORITHM OF THE FFMLP PROBLEMS
We now consider the questions in Section III logically and will attempt to find convincing answers to them. Since finding the optimal solution to the FFLP problem without converting it into its equivalent deterministic version is still an open research problem [33] we will try to establish an alternate methodology to solve FFMLP problem in (1) by using revised simplex method together with Gaussian elimination in the environment of the linear ranking function as described in Section II, in which the methodology converts the system (1) partially into Semi-Fully Fuzzy Multiobjective Linear Programming (SFFMLP) problem. Next each objective function in the system is solved individually, then the SFFMLP problem is converted into Semi-Fully Fuzzy Linear Programming (SFFLP) problem. Finally the obtained problem is solved by an interactive method to arrive at a compromise solution to the original problem in (1) .
The following procedure is used to solve FFMLP problem through the linear ranking function as follows:
Consider the FFMLP problem in (1) as
(2) VOLUME 6, 2018 where
are in the set of all T r FNs, i = 1, . . . , m, j = 1, . . . , n. Now, we convert each a ij , ∀i, j into their deterministic a ij by using [15] linear ranking function;
The obtained SFFMLP problem will be as:
Now, we solve each SFFLP problem Max./Min.
. Thus, the FFLP problem in (4) can be written as:
Convert (5) into the standard form as:
where s i are fuzzy identity slack variables. Express (6) by its basic and non-basic variables as follows:
where (6), where B and N are basic matrix, and non-basic matrix respectively [3] , [46] . Now, (7) can be expressed by its initial simplex tableau in Table 2 .
Based on [46] and other studies [3] , [4] , [15] , in this table we have:
1) The fuzzy objective row (5) through the linear ranking function . After passing the steps (1-6) logically and successfully, the optimal solution for the Max./Min. Z i ; ∀i the optimal solution is;
Now, after each objective function in the system (4) has been solved individually, and the value of each one has been obtained, we can transfer (4) to its unique FFLP problem by an interactive method.
1) For solving MFLP Problems, [39] used a new technique to transform the multiple optimization problems into a single FLP problem, and found a compromise solution for the resulted problem by using linear ranking function through simplex method. Here, in this study, we extend his proposed technique [39] into FFMLP problem to convert (4) into SFFLP problem as follows:
Note that the SFFLP problem in (8) is equivalent to the SFFLP problem in (6). Thus, using (7), the initial simplex tableau expressed in Table 2 and equations (1) through (7), the optimal solution can be found for the system (8) and the obtained solution will be the compromise solution for the FFMLP problem in (2) and can be written as:
(FAAAM) as a transformation technique to transform (4) into SFFLP problem as:
This obtained SFFLP problem in (9) is equivalent to the SFFLP problem in (6) . Now, following the same steps of the methodology in the first case the optimal solution can be obtained. The optimal solution is a compromise solution for FFMLP problem in (2), and can be expressed as follows: . Thus, the SFFMLP problem in (4) can be converted to its equivalent SFFLP problem as following:
Note that, the last SFFLP problem in (10) is the same as the SFFLP problem in (6) , and the fuzzy optimal solution can be found using the same technique. Thus, the compromise solution for the FFMLP problem in (2) is Max. Z φ mean ( x), X ( x 1 , x 2 , . . . , x n ) . 4) Using fuzzy median point, or the fuzzy mid-point of the fuzzy data set when the fuzzy data set of fuzzy observations are placed in ascending order. For an odd number of fuzzy observations, the fuzzy median is the data point which falls in the middle, at location φ(i + 1)/2; ∀i ∈ N when values are placed in ascending order. For an even number of observations the median is defined by the fuzzy mean of the two fuzzy middle observations at location φ(i/2), φ(i/2) + 1; ∀i ∈ N. Thus, the fuzzy median is the fuzzy value represented by the fuzzy average of the fuzzy points at locations φ(i/2), φ(i/2) + 1; ∀i ∈ N. Suppose that M 1 = fuzzy median φ i ; 1 ≤ i ≤ r , and M 2 = fuzzy median φ i ; r + 1 ≤ i ≤ s . Thus, the SFFMLP problem in (4) can be converted to its equivalent SFFLP problem as follows:
Since the SFFLP problem in (11) is also the same FFLP problem in (6) hence, again, recall the same techniques which have been used to solve the SFFLP problems in the cases (1 through 3), the fuzzy optimal solution of (10) can be found, and the solution is the compromise for the original FFOLP problem in (2), and can be expressed as:
Now, we can express the above four cases in the following SFFLP problem as equation (12), as shown at the top of the next page Now, let us describe the solution algorithm of the FFMLP problem step by step in the following Compromise Solution Algorithm (CSA).
CSA for the FFMLP problem:-
Consider the FFMLP problem in (2).
• STEP2: Use the linear ranking function formulation in (3) to transform a ij ; i = 1, 2, . . . , m, j = 1, 2, . . . , n into its equivalent deterministic form a ij to get the SFFMLP problem in (4).
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Max.
• STEP3: Solve each Max. Z i ( x); i = 1, 2, . . . , r and Min. Z i ( x); i = r + 1, r + 2, . . . , s individually, as indicated in (5), by using the fuzzy simplex method in (5-7) as in the Table 2 , using the Gaussian elimination process and the equations (1-6). Get the fuzzy values φ i ; i = 1, 2, . . . , r for Max. Z i ( x); i = 1, 2, . . . , r and φ i ; i = r + 1, r + 2, . . . , s for Min. Z i ( x); i = r + 1, r + 2, . . . , s.
• STEP4: Convert the SFFMLP problem in (2) to the SFFLP problem in (8-11) and collect them in the SFFLP problem as modelled in (12).
• STEP5: Find the fuzzy optimal solution for each branch in (12) . Or, solve the SFFLP problems in (8-11).
• STEP6: Compare among the fuzzy optimal solutions for the branches of (12), or among fuzzy optimal solution of the SFFLP problems in (8) (9) (10) (11) . Select a compromise solution among obtained fuzzy optimal solutions of (12) for the original FFMLP problem in (2).
V. NUMERICAL EXAMPLE
We present an example of the implementation of the research methodology in the problem statement within the framework of the MFFLP problem. Solve the following MFFLP problem:
,
Solution: Now, we defuzzify and convert a ij , i = 1, 2, 3; j = 1, 2, 3 partially from (13) into their corresponding deterministic a ij by utilizing the linear ranking function in (3), to convert the problem to its SFFMLP problem in the following optimization problem. 
There are five objective functions in the SFFMLP problems in (14) competing in the same semi fuzzy constraints environments. We solve each objective function subject to the constraints, and rewriting the obtained FFLP problem as a standard form as follows: 
The initial tableau of (15) is given in Table 3 above: From the initial tableau of Table 3 , we have;
Since, min γ j = min ( γ j ) = min −1 From Table 3 49 12 . Thus, by using the Gaussian elimination process and the row operations on the Table 3 as follows;
The result is as in Table 4 . Currently, from the simplex tableau of Again, from Table 4 , and in the min ratio's column we have; min (20, The pivotal element is 471 980 . Thus, by using the Gaussian elimination process and the row operations on Table 4 Table 5 .
Since, ( z j − c j ) = ( 
The result is as in Table 6 :
Now, in the current solution in Table 6 (15), because it is the fuzzy feasible solution through the environment of the linear ranking function in (3) and its properties for the comparison of fuzzy numbers in Section II, as verified below.
(1, 1 9 ,
, 
, Utilizing fuzzy simplex method through the proposed solution algorithm of the FFLP problem in the CSA, the solution of (17) can be obtained as follows; This obtained solution is a fuzzy compromise solution for the FFMLP problem in (13) . Using the fuzzy arithmetic median in (11) in the CSA, we can convert the system problem in (13) to the SFFLP problem into a unique objective function again in the form of the fourth part of the fuzzy compromise problem in (12), as follows: The fuzzy compromise solution for (17) was; Thus, from (25), the current basis will remain optimal if and only if ≥ −0.3950. The determination of range of values on ( c 1 ) ≥ −0.3950 for which the current basic remains optimal. By the same method and logic, the same conclusion applies to all the other cases.
Case 2: For Max. Z φ FAAA ( x) in (19), the current basis will remain optimal if and only if ≥ −0.049. In other words, the values on ( c 3 ) ≥ −0.049 for which its current basic remains optimal.
Case 3: For Max. Z φ mean ( x) in (21), the current basis will remain optimal if and only if ≥ −0.0143. In other words, the values on ( c 3 ) ≥ −0.0143 for which its current basic remains optimal.
Case 4: For Max. Z φ median ( x) in (23), the current basis will remain optimal if and only if ≥ −0.01489, or, the values on ( c 3 ) ≥ −0.01489 for which its current basic remains optimal. Table 11 collects all four different cases of the fuzzy compromise solutions and their sensitivities. Note that the optimality of all cases will remain optimum if and only if ≥ −0.0143.
VII. ADVANTAGES OF THE PROPOSED METHOD OVER THE EXISTING METHODS
In this section, we will list recent existing methods on solving fully fuzzy linear programing (FFLP) problems in order to compare with our proposed method. In 2017, Das et al. [48] proposed a lexicographic ordering method which depends on ordering trapezoidal fuzzy numbers. The method suggested the auxiliary MLP model to be used to solve the corresponding LP. Hence it is not applicable to solve complicated problem areas in risk investment, engineering management, supply chain management and transportation problem. This method is an improvement of Das [49] published in the same year 2017 which modified Lotfi et al. [22] method established in 2009. It converted the FLP problems into MLP problems, in which the solution cannot be obtained without converting the fuzzy system into its corresponding multiple deterministic of objective functions. This method is limited to single fuzzy objective function and did not cover MFLP problems. A year earlier in 2016, Hosseinzadeh and Edalatpanah [50] suggested the use of L-R fuzzy numbers method using both the lexicography and linear programming models. Even though the method gave promising results in terms of computing performance, it is only limited to nonnegative fuzzy numbers. Hence our CSA method is proposed to rectify these deficiencies. As mentioned in the preceding section, the CSA method is able to define FFMLP problems. The variables can be either triangular or trapezoidal fuzzy numbers, with practical computational applications. The methodology used is novel yet simple by converting FFMLP to SFFMLP and solved interactively to find a fuzzy compromise solution. Hence our proposed method is able to solve FFMLP problems with variables being triangular or trapezoidal fuzzy numbers, deficient in other previous models. Previous models are of MLP problems and are limited to variables being trapezoidal [48] , [49] or nonnegative fuzzy numbers [50] .
VIII. CONCLUSION
In this paper, the fully fuzzy multiobjective linear programming (FFMLP) problems have been defined, where the coefficients of the objective functions, constraints, right hand side parameters, and variables are of the type of the Triangular Fuzzy Number (T r FN)s. A solution strategy of such FFMLP was presented in the circumstance of certain linear ranking function, namely, Compromise Solution Algorithm (CSA). The revised simplex method together with Gaussian elimination in the environment of the linear ranking function which was described in the proposed was first converted from FFMLP problem to partially SFFMLP problem. The obtained SFFMLP problems were gathered together, and then was solved by four different methods to find a fuzzy compromise solution. The results show that the proposed CSA is applicable and practicable within computational applications. We intend to expand this research further to practical contributions. The work will be able to help solve real life and industrial problems which are usually complicated, uncertain and continuously subject to changes, by considering the fuzziness in the formulation of the model. In addition, potential research will be the application of our proposed solution procedure to real life problems which usually involve many variables and require quick optimum solutions. We believe that this study will spur other research so as to have positive impacts on organization productivity and competitiveness in many industries.
